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COMPARISON OF SEVERAL PROCEDURES FOR PROCESS COWROL 

by 

Edward Pai-Chuen Kao 

1. Summary 

The Average Run Length, which i s  defined as t h e  average number of 

samples required before a decision t o  adjust  t h e  machine i s  reached, when 

it i s  operating at a specif ied qua l i ty  level ,  i s  used t o  evaluate the  

operating c h a r a c t e r i s t i c s  of three d i f f e r e n t  process control  procedures-- 

Shewhart type cont ro l  char ts ,  cumulative sum cont ro l  char ts ,  and signed 

sequent ia l  ranking procedures. 

t h e  Average Run Lengths (ARL) required t o  s top the  process when it i s  

" i n  control" a r e  s e t  equal under the  t h r e e  procedures; the  ARL's neces- 

s a r y  t o  detect  preassigned s h i f t s  i n  the process a r e  then compared. 

In comparing t h e i r  r e l a t i v e  performance, 

The ARL curve of t h e  signed sequent ia l  ranking procedures ind ica tes  

t h a t  t h i s  procedure i s  very e f f i c i e n t  i n  detect ing small changes i n  t h e  

process l e v e l  (e.g.  within 1-00 u ) 

t o  la rge  deviations.  It i s  par t icu lar ly  usefu l  i n  cases where t h e  under- 

l y i n g  d i s t r i b u t i o n  of the  process i s  not known, o r  i s  known not t o  be 

normal. On t h e  other  hand, i f  small changes i n  t h e  process l e v e l  a r e  

considered t o  be acceptable and hence can be to le ra ted ,  t h i s  procedure 

However, it i s  r e l a t i v e l y  insens i t ive  

can lead t o  high c o s t s  due t o  unnecessary in te r rupt ion  of the  process. 
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For small or l a rge  deviations,  the  behavior of t h e  cu-sum scheme 

and t h e  Shewhart scheme d i f f e r  only s l i g h t l y ,  although t h e  CSCC i s  

general ly  a l i t t l e  b e t t e r .  

with moderate deviat ions from i t s  t a r g e t ,  it i s  advisable t o  use t h e  

To detect  an abrupt change of process l e v e l  

cu-sum charts  which are t h e  best  of the  three  i n  t h i s  region; on t h e  other  

hand, t o  obtain a simple graphical  schematization of a stable process, 

it may be convenient and economical t o  use t h e  Shewhart type cont ro l  

char t s .  

2. Introduction 

I n  a continuous manufacturing process, a problem of grea t  i n t e r e s t  

t o  a q u a l i t y  cont ro l  engineer i s  whether t h e  process operates  satis- 

f a c t o r i l y  i n  accordance w i t h  t h e  requirements t h a t  were specif ied i n  

advance. There a r e  numerous types of process cont ro l  schemes, but t h e  

bas ic  ideas  are  t h e  same: repeated random samples are taken from t h e  

process, s t a t i s t i c s  a r e  computed from the  r e s u l t s ,  inferences are made 

about t h e  process based on c e r t a i n  predetermined dec is ion  c r i t e r i a ,  and 

f i n a l l y ,  proper ac t ion  i s  taken t o  make adjustments when needed. 

In  t h i s  paper we a r e  concerned w i t h  an inves t iga t ion  of t h e  operat ion 

of t h r e e  d i f fe ren t  process cont ro l  procedures; namely, Shewhart type 

cont ro l  charts,  cumulative sum control  char t s ,  and signed sequent ia l  

ranking procedures. We a r e  i n t e r e s t e d  i n  comparing these  procedures when 

a change i n  the process l e v e l ,  assumed t o  be t h e  mean of t h e  d i s t r i b u t i o n ,  

occurs. I n  the next th ree  sect ions,  a, br ie f  exposi t ion of t h e  mechanics 

of these  three procedures i s  presented. A study of t h e i r  r e l a t i v e  

performance w i l l  then be made. 
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A process i s  sa id  t o  be i n  s t a t i s t i c a l  cont ro l  when t h e  measurable 

c h a r a c t e r i s t i c  of each item produced has t h e  same p robab i l i t y  d i s t r i b u t i o n  

and these  measurable cha rac t e r i s t i c s  a re  independent random var iab les .  

When a process i s  i n  s t a t i s t i c a l  control ,  t h e  parameters of the proba- 

b i l i t y  d i s t r i b u t i o n  usua l iy  can be estimated accura te lyo  I n  applying a 

"control  procedure" t o  a process, t h e  procedure ind ica tes  when adgustment 

t o  t h e  process should be made. When a process i s  " i n  control"  a t  a satis- 

f ac to ry  leve l ,  such adjustment shsuld not be made. Xence, a measure of 

r e l a t i v e  e f f i c i ency  f o r  a control procedure i s  t h e  Average R u n  Length 

u n t i l  process adjustment i s  cal led for when t h e  process i s  i n  a s t a t e  

of s t a t i s t i c a l  cont ro l  ( an  incorrect decis ion i s  being made). 

process jumps "out of cont rs l , "  t h e  Average Run Length required u n t i l  

the procedure calls for a machine adjustment i s  another measure of t h e  

r e l a t i v e  e f f i c i ency  of t h e  control procedure ( a  correct  decis ion i s  being 

made). 

same Average R u n  Length when the process i s  ' ' in  contr31." 

then  will be compared when a sh i f t  i n  t he  mean occurs using the  Average 

Run Length required f o r  each procedure t o  de tec t  t h e  sh i f t .  

I n  order t o  f a c i l i t a t e  our study we assume 

1. The process can reasonably be approximated by a normal d i s t r i -  

When t h e  

I n  t h i s  paper, t h e  three procedures are f ixed  so they  have t h e  

The procedures 

bution. I n  addi t ion,  t he  homogeneity and randomness a r e  maintained when 

t h e  process i s  " i n  control ."  The signed sequent ia l  ranking procedure, 

as a nonparametric procedure, does not requi re  t h i s  normality assumption. 

However, i n  order t o  evaluate  and compare i t s  operati,% c h a r a c t e r i s t i c s  

wi th  those of t he  other  two process cont ro l  procedures when the  process 
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i s  - not " i n  control ,"  some d i s t r i b u t i o n  assumption i s  required. 

is  used because t h e  o ther  two procedures require  such an assumption. 

Normality 

2. 

both s t a t i s t i c a l  and p r a c t i c a l  requirements a r e  s a t i s f i e d  f o r  t h e  

successful  operation of process cont ro l  procedures. 

Sample s i z e  and sampling in t e rva l  a r e  f ixed  i n  such a way t h a t  

3.  The variance of the  process i s  known and remains constant even 

when the  mean changes. 

4. The s t a t i s t i c  xi ( t h e  sample average) 

r e s u l t s  of the ith sampling and t r a n s f o p e d  t o  
x, - I - _  
1 0 var iab le  Yi through t h e  r e l a t i o n  Yi = 

a/& 

i s  computed from the  

a normalized random 

, where n i s  t h e  sample 

s ize ,  is t h e  process mean when t h e  process i s  " i n  control ,"  and (J 

i s  t h e  standard deviation. 

5.  From now on, we dea l  with a sequence of random va r i ab le s  

Y1, Y2, ... , where Y i ' s  a r e  independently i d e n t i c a l l y  d i s t r i b u t e d  

normal random var iab les  with mean zero and variance one when the  process 

i s  " i n  control.  

3 .  Shewart Type Control Charts (SWCC) 

The SWCC w a s  o r ig ina ted  by W. A.  Shewhart i n  1931 (The Economic 

Control of Manufactured Product, Van Nostrand, New York) and has been 

widely used i n  industry f o r  some t h i r t y  years.  

t o  provide a dynamic record of t h e  process. 

d i f f e r e n t i a t e  t h e  cause of v a r i a t i o n  i n  q u a l i t y  so t h a t  appropriate  ac t ion  

The purpose of a SWCC i s  

T h i s  record w i l l  be used t o  

may be taken. The ove ra l l  SWCC procedures can be viewed as t h e  appl ica t ion  

of repeated t e s t s  of t h e  hypothesis 

H1: CI # Po. We r e j e c t  Ho and say the  process i s  "out of control"  

Ho: p = po versus t h e  a l t e r n a t i v e  
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whenever any individual  sample s t a t i s t i c  

l i m i t s .  

t h e  Type I e r r o r  a .  This e r ro r  i s  t h e  probabi l i ty  of having a point f a l l  

outside of t h e  l i m i t s  when the process i s  i n  a s t a t e  of s t a t i s t i c a l  

control .  In  prac t ice ,  t h e  c l a s s i c a l  three-sigma l i m i t s  a r e  probably t h e  

most widely used c r i t i c a l  values, This i s  equivalent t o  s e t t i n g  

a = 0.00135 i n  one d i rec t ion ,  or 0.0027 i n  both d i rec t ions .  The basic  

Yi f a l l s  outside of t he  cont ro l  

The l i m i t s ,  or so-called "ac t ion  l i nes , "  depend on t h e  s i z e  of 

idea can a l s o  be i l l u s t r a t e d  graphical ly  by Figure 1, 

order of samples + 

Figure 1: A SWCC Diagram. 

UCL 
( ac t ion  l i n e )  

(ko. repre- 
sen ts  a s h i f t  
i n  t h e  process 
mean ) 
LCL 
( ac t ion  l i n e )  

A s  long as the  poin ts  f a l l  above t h e  Lower Control L i m i t  (LCL) and 

below t h e  Upper Control Limit (UCL) t h e  process i s  not adjusted.  When 

a point  f a l l s  outside these  l i m i t s ,  as shown by the  loth point i n  

Figure 1, ac t ion  i s  taken. If, a s  indicated i n  the  f igure ,  t he  process 

mean has sh i f ted ,  t h i s  i s  a correct  ac t ion .  If the  process i s  s t i l l  i n  

c o n t r o l  a t  l e v e l  p t h i s  i s  a n  incor rec t  ac t ion ,  
0' 
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It i s  e a s i l y  shown t h a t  t h e  Average Run Length when t h e  process i s  

" in  control ' '  i s  given by l/CX ( see  Section 5 ) .  For three-sigma l i m i t s ,  

t h e  Average Run Length i s  l/O.OO27 = 370. 

The behavior of a SWCC can be described by e i t h e r  an operating 

c h a r a c t e r i s t i c  curve, which gives t h e  risk 

saying t h e  process i s  " i n  control"  (when a c t u a l l y  t h e  process i s  operating 

at a d i f fe ren t  l e v e l )  or by t h e  Average Run Length u n t i l  t h e  process i s  

corrected when it i s  operating a t  t h i s  new leve l .  These a r e  r e l a t e d  i n  

t h a t  t h e  Average Run Length i s  given by 1/(1 - B ) .  Unfortunately, t h e  

OC curve does not help much i n  both t h e  designing and operating of t h e  

SWCC scheme because the  c o s t s  associated with t h e  Type I e r r o r  and t h e  

Type I1 e r r o r  complicate t h e  whole s i tua t ion .  

s ion  of t h i s  aspect,  see Duncan [l]. 

Run Length c r i t e r i o n ,  

B ( t h e  Type I1 e r r o r )  of 

For an i n t e r e s t i n g  discus- 

Therefore, we w i l l  use t h e  Average 

Possibly t h e  pr inc ipa l  advantages of t h e  SWCC scheme are i t s  

s impl ic i ty  i n  appl ica t ion  and i t s  value as a good v i s u a l  presentat ion of 

t h e  process. On the o ther  hand, because t h e  s t a t i s t i c s  a r e  viewed 

independently and past  da ta  a r e  not taken i n t o  account f o r  current 

consideration, t h e  SWCC i s  r e l a t i v e l y  i n s e n s i t i v e  t o  moderate changes i n  

t h e  mean value. 

Various modifications and amendments have been made s ince t h e  o r i g i n a l  

proposal (e.g. some r u l e s  use runs of po in ts  o r  warning l i n e  schemes) 

However, t h e  basic ideas a r e  s t i l l  t h e  same,, 
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4. CLunulative Sum Control Chart.s (CSCC) 

I n  t h e  last, few years, t h e  CSCC scheme has gained wide a p p l i c a b i l i t y  

because of i t s  presumed efficiency r e l a t i v e  t o  the  SWCC i n  detect ing a 

s h i f t  i n  process l e v e l ,  

done by E. S o  Page [51, G. A,  Barnard [TI, K.  W. Kemp [8], and P. L. 

Most of t h e  developmental work of t h e  CSCC w a s  

Goldsmith and H. Whitfield [ 2 ] .  

In  general, t h e  procedure of t h e  CSCC can be described as follows: 
m 

paired da ta  {m. 1 Yi} are plotted sequent ia l ly  on t h e  CSCC, where 

m designates t h e  

sum up t o  t h e  mth sampling. A t  each stage, a V-shaped mask w i l l  be 

i=l In 
mt" sampling and 1 Yi de s ignat  e s the cumulat ive 

i=l 

placed over t h e  chart ,  with t h e  point 0 placed over t h e  last point 

p lo t ted  on the  chart .  The l i n e  OP i s  horizontal  ( s e e  Figure 2)  If 

any one of t h e  previously plotted poir?,ts fa l l s  outside of t h e  mask, t h e  

process i s  sa id  t o  be "out of control." In  addition, i f  t h e  point l i e s  

below t h e  lower boundary, it i s  regarded as an indicat ion of an increase 

i n  the  process level ;  i f  the  point l i e s  above t h e  upper boundary, a 

decrease i s  indicated.  

zm = 1 Yi 
i=l 

Figure 2: A CSCC Diagram. 
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The dimensions of t h e  mask a re  completely spec i f ied  by parameters 

d and 8 ( i n  Figure 2, note t h a t  d = OP and < APB = 28) provided 

tha t  a u n i t  scale f o r  each coordinate i s  used. The behavior of t h e  

CSCC depends so le ly  on t h e  s i ze  of t he  mask. There a r e  severa l  ways of 

f inding a sui table  d and 0 .  One way i s  t o  t r y  a v a r i e t y  of masks on 

h i s t o r i c a l  records. 

[2] ,  i s  t o  consider t he  operating c h a r a c t e r i s t i c s  of var ious plans t h a t  

a r e  associated w i t h  d i f f e r e n t  combinations of d ' s  and 0 ' s .  I n  par- 

t i c u l a r ,  they suggest using t h e  Average Run Length. 

Run Lengths are spec i f ied  as follows: 

A second way, as suggested by Goldsmith and Whitfield 

Two des i red  Average 

ARLO - the Average Run Length needed t o  s top  t h e  process, when it 

i s  " i n  controll'; 

ARLl - the Average Run Length needed t o  s top  the  process, when the  

current mean i s  ka off  t a r g e t  

The ARL f o r  var ious combinations of d and 0 can be obtained by 

simulation. The ARL curve,  p lo t t ed  as a funct ion of process change, not 

only enables t h e  s t a t i s t i c i a n  t o  assess  t h e  behavior of t h e  V-shaped mask 

he plans t o  use, but a l s o  f a c i l i t a t e s  t he  design of s u i t a b l e  con t ro l  

schemes. 

The third way t o  f ind  d and 8 ,  as suggested by Johnson and Leone 

[ 3 ] ,  i s  t o  view the  procedure as e s s e n t i a l l y  a sequent ia l  t e s t  of 

hypothesis problem, w i t h  Ho: P = Po versus an a l t e r n a t i v e  

: v = p t ka. Using Wald's r e s u l t s  l eads  t o  H1 0 

a 



8 = arc tan  (k/2) 

This method s u f f e r s  because o f  t h e  d i f f i c u l t y  i n  in t e rp re t ing  t h e  

meaning of CY. and 8 when t h e  scheme i s  used as a process con t ro l  

procedure and not as a t e s t  of hypothesis. 

5 Signed Sequential  Ranking Procedures (SSRF) 

There a r e  s i t ua t ions  i n  industry where p r x e s s  cont ro l  i s  of c r i t i c a l  

importance f o r  successful manufacturing operations,  and where t h e  under- 

l y ing  d i s t r i b u t i o n  is not known or,  a t  l e a s t ,  cannot reasonably be 

assumed as normal. 

scheme f o r  th i s  s i t u a t i o n  then a r i ses .  Obviously, it i s  not appropriate  

t o  u8e e i t h e r  t h e  SWCC o r  t h e  CSCC scheme because the  choice of t h e i r  

r e l a t e d  decis ion parameters depends on the  normality assumption. 

Recently, a process cont ro l  scheme, ca l led  t h e  signed sequent ia l  ranking 

procedure, w a s  developed by E. A, Parent, Jr. [4], This r a t h e r  simple 

procedure can be used without any assumptions about t h e  form of t h e  under- 

ly ing  d i s t r ibu t ion .  The a i m  of t h e  SSRP i s  t o  de tec t  when a change i n  t h e  

l e v e l  of t h e  process occurs no matter what d i s t r i b u t i o n  t h e  underlying 

The problem of  designing an e f f ec t ive  process con t ro l  

1 

process comes from. The procedure i s  based on nonparametric s t a t i s t i c s ;  

spec i f i ca l ly ,  t h e  signs and r e l a t i v e  s izes  of t h e  observations.  

'The f a c t  t h a t  t he  sample means tend t o  normality because of t h e  
Central  Limi t  Theorem is usually given as a j u s t i f i c a t i o n  f o r  these  pro- 
cedures. 
depending upon t h e  form of t h e  underlying d i s t r ibu t ion .  

The r a t e  of convergence t o  normality may o r  may not be adequate, 
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Suppose we a r e  observing, sequent ia l ly ,  a sequence of independent 

random variable  s Y1, Y2, a The signed sequent ia l  rank T of Yn 

r e l a t i v e  t o  i s  the  product of t h e  rank of / Y n /  among 

/yl / , lyJ~ .*.  , IYn/ 

-1 otherwise). 

n 

Y 1j Y2, ... , Yn 

(which i s  1 if  Yn - > 0 and 'n and t h e  s ign  of 

Without l o s s  of genera l i ty ,  t he  mean of t he  process i s  

assumed t o  be zero. Based on t h e  outcomes we form t h e  new s t a t i s t i c s  

Zn = Tn/n, n = 1, 2, . . e  . 
and the  decis ion 

+ 'n The cumulative sums a r e  S = Z + Z + 
n 1 2  

r u l e s  a r e  as follows: 

'n+l and compute 'n+i; i f  b < S < a observe 

i f  S < b o r  S > a s top  t h e  process and inves t iga te .  

n 

n -  n -  

Here it i s  assumed t h a t  - < b < 0 < a < m  and observations a r e  d i s t r ibu ted  

according t o  F(y) ,  u n t i l  a change takes  place.  F (y )  i s  a continuous 

d i s t r i b u t i o n  funct ion with t h e  property 

for a l l  

d i s t r ibu t ions ,  as wel l  as by o ther  d i s t r ibu t ions .  The exact p robab i l i t y  

d i s t r i b u t i o n  f o r  Sn i s  ava i lab le  through t h e  following recurrence 

r e l a t ion :  

F(-y) = F ( 0 ) [ 1  - F(y)  + F(-y)]  

y - > 0, This property i s  s a t i s f i e d  by symmetric (about 0) 

P(S n = u) = P(S n- 1 = u - Zn) = - = u - Y)P(Zn = Y) 
Y 

n - 1  ... , 9 1 .  n , 0 . 0  , - ;7 ;J 
n - 1  1 1  where y ranges over -1, - - 

Let N be the  smallest  i n t e g r a i  value f o r  which Sn does not l i e  

i n  the  open in te rva l  (b ,  a >  Then 
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P ( N = n ) = P ( b < S  < a  i = l , 2  , . . . ,  n - l , S n #  ( b , a ) )  i 

\ 

co 

and E(N) = n P(N=n) gives the average number of observations, as 

a function of a, b, and F(O), u n t i l  the  process s tops.  The process of 
n = l  

carrying out these computations i s  r a t h e r  tedious.  By using some r e s u l t s  

of Wald from sequent ia l  analysis,  the  following approximations were 

obtained: 

- 3ab I E(N) = 

F(0) = 1/2 

2b + 2(a - b)P(SN > a) 
1 - 2F(O) F(O) # 1/2 

I n  the p a r t i c u l a r  case of symmetric boundaries, b = -a, the  expected 

number of observations needed t o  s top the process is :  

I 3a2 
E(N) = 

F(0) = 1/2 

I, 2 a ( 1  - e-ah s i n h  ) [  ( a h ) )  ~ \ 1 --hl  cosh , ( h ) )  F(0) # 1/2 , 
sinh ah s inh h 

where h depends on the value of F(0) .  For deta i led  derivations,  see 

Parent [ 4 3 .  

Figure 3 i s  a graph of E(N), expressed as a function of F(0).  
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Figure 3: A graph of E(N) f o r  t h e  SSRP, expressed 
as a funct ion of F(0) e 

6. Average Run Length (ARL) 

We have chosen the  Average R u ?  Length as t h e  c r i t e r i o n  f o r  comparing 

these t h r e e  procedures. The Average Run Length i s  defined as t h e  average 

number of samples required a t  a spec i f ied  process l e v e l  before a decis ion 

t o  adjust  the  machine i s  reached. In  most cases the sample s i z e  i s  

g r e a t e r  than  one, so the  ARL i s  a c t u a l l y  t h e  frequency of samples taken 

between t h e  change i n  process l e v e l  occurring and i t s  de tec t ion ,  There 

a r e  many var ia t ions  of t h i s  terminology and i t s  d e f i n i t i o n ,  but t h e  idea 

behind each var ia t ion  i s  e s s e n t i a l l y  t h e  same. This kind of c r i t e r i a  w a s  
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introduced and has been extensively used by E, S. Page [5] ,  Goldsmith 

and Whitfield [2], W. D. Ewan [6] for comparison of different process 

control schemes. 

Since we are interested in the relative performance of the SWCC, 

CSCC, and SSRP, the parameters for these procedures are chosen so that 

the ARL's for these schemes are equal when the process is "in control." 

The ARL's for the three are then compared when preassigned changes in 

process level, which range from one to three standard deviations away 

from the target, occur. 

Under the SWCC procedure we will stop the process when I Yi I > b 

for the first time, where Yi's are normalized random variables as 

defined in Section 2 and b is the control limit. The size of b 

depends on the chosen Average Run Length. The size of b is also 

related to the size of the Type I error a, i.e., 

and 

Thus, b can easily be found from tables of the cumulative normal 

distribution. Now, let P be the probability of having a point fall 

outside the control limits on a single observation while the process is 

Ifin control" under the SWCC, i .e., 

of trials until a point falls outside of the control limits for the 

S W  

P = Prob ( I Yi 1 > b) . The number sw 

first time then follows a geometric distribution with mean Esw(N) = l/Psw 



i 

(where Es,(N) 

the process when it i s  s t i l l  " i n  control").  Since P = a, we have 

i s  the expected number of observations required t o  s top 

s w  

ARL = E ~ , ( N )  = i/a. 
0 

For a SWCC w i t h  a f ixed ARLO, the r e l a t e d  ARL ' s  under d i f f e r e n t  1 
process s h i f t s  (e.g. a deviat ion of k t i m e s  the  standard deviation 

from the mean), can be found through the following re la t ion :  

= Probabili ty of a point  f a l l i n g  inside the cont ro l  limits when 

the process l e v e l  i s  a t  
p1 f v0 

= 1 - Probabi l i ty  of a point  f a l l i n g  outside the limits when the  

process l e v e l  i s  a t  
p1 # v0 

The probabi l i ty  of a point  f a l l i n g  outside the cont ro l  l i m i t s  when the  

process l e v e l  i s  a t  + ka (here, we have 0 = 1) is  given by 

As a r e s u l t ,  using t h e  same argument as above, w e  have 

ARLl (with respect  t o  a process change of k standard deviations 

1 off the t a r g e t )  = - 1 - B "  

"here i s  no a n a l y t i c a l  way t o  f i n d  e i t h e r  ARL or ARL 
0 1 f o r  t h e  

CSCC scheme except from a few empirical. formulas which e s s e n t i a l l y  are 

derived from simulated r e s u l t s .  However, we note t h a t  a p a r t i c u l a r  

combination of d and 8 spec i f ies  a CSCC plan,  and hence, r e s u l t s  i n  

an ARL curve. Therefore, a complete knowledge of the ARL's associated 

I 
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with a CSCC pian i s  obtainable a s  long as a r e l i a b l e  simulation i s  used. 

Here we use the  r e s u l t s  obtained by Goldsmith and Whitfield [2]. 

par t i cu la r ,  we censidered plans with ARL = 18, 30, 50, 110, 130, 150, 

210, 320, 720, 1100, 1150, and 1500. Their  evaluat ion w a s  ca r r i ed  out by 

a Monte Carlo simulation on a Fer ran t i  "Mercury" d i g i t a l  computer. 

sequence of pseudo-random normal devia tes  w a s  generated by a f a s t  t a b l e  

look-up procedure, Each calculated ARL has a coe f f i c i en t  of v a r i a t i o n  

less than io$, an acc'x-acy which i s  regarded as adequate fo r  p r a c t i c a l  

purposes L) 

I n  

0 

A 

Under the  SSRP scheme, following t h e  r e s u l t s  of Section 5, we know 

t h a t  t h e  expected number of observations required t o  s top  t h e  process, 

2 when it i s  " i n  control," i s  approximately 3a 

e t e r s  f o r  t h e  SWCC and SSRP can be found by equating the  ARLo's for t h e  

CSCC plans as l i s t e d  i n  t h e  iast paragraph, i . e . ,  

Now t h e  decis ion param- 

A R L ~ !  cscc) = ARL~( SWCC) = A R L ~ (  SSRP) 

afid we know 

2 
A R L ~ ~ S W C C )  = I/Q , ARLCSSRP) = 3a 

_ _  At f o l h w s  t h a t  for t h e  SWCC 

a = l/ARLo 

and f o r  t he  SSRP 

a = JML0/3 



The ARL ' s  f o r  t h e  SWCC were found by t h e  method described 1 

previously, when var ious s h i f t s  i n  the process l e v e l  occurredo To f ind  

ARLl f o r  the SSRP scheme under various shifts i n  t h e  process leve l ,  a 

Monte Carlo simulation model w a s  b u i l t  on a B5500 d i g i t a l  computer a t  

Stanford University. A l i b r a r y  program using a mixed congruential  method 

w a s  used t o  generate pseudo-random uniform devia tes  from U[O, 1). These 

devia tes  a r e  t r a n s l a t e d  t o  normal deviates  by a r e l a t i o n  suggested by 

G o  E. P. Box and M. E. Muller (Ann. Math. S t a t , ,  2g9  610-611). The 

simulation operates on t h e  assumption t h a t  t he  process l e v e l  i s  changed 

by an amount, k; t h a t  is, input da ta  from M(k, 1) w i l l  be fed  i n t o  t h e  

simulation model t o  monitor t h e  ARLl's. It w a s  found t h a t  each calculated 

ARLl had a coef f ic ien t  of va r i a t ion  l e s s  than 10% Thus, t h e  r e s u l t s  

can be considered as sa t i s f ac to ry .  

The ARL's f o r  d i f f e r e n t  plans ( i o e o  f o r  d i f f e r e n t  ARLo's) under t h e  

The p a r t i c u l a r  ARL curve SWCC, CSCC, and SSRP a r e  tabula ted  i n  Table 1, 

associated with each plan, expressed as a funct ion of process change, 

i s  p lo t t ed  (Figure 4 t o  15). 

. I 

I 
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with a CSCC pian i s  obtainable as long as a r e l i a b l e  simulation i s  used. 

Here w e  use t h e  r e s u l t s  obtained by Goldsmith and Whitfield [2]. 

par t i cu la r ,  we ccnsidered plans with ARL = 18, 30, 50, 110, 1-50, 150, 

210, 320, 720, 1100, 1150, and 1500. Their evaluation w a s  ca r r i ed  out by 

a Monte Carlo simulation on a Fer ran t i  "Mercury" d i g i t a l  computer. 

sequence af pseudo-random normal deviates  w a s  generated by a fast table  

look-up procedure, Each calculated ARL has a coe f f i c i en t  of v a r i a t i o n  

l e s s  t han  IO%, an accaracy which i s  regarded as adequate fo r  p r a c t i c a l  

purpose s 

I n  

0 

A 

Under t h e  SSRP scheme, following t h e  r e s u l t s  of Section 5, we know 

t h a t  t h e  expected number of observations required t o  s top  t h e  process, 

I 

L 

1 

2 when it is "in control," i s  approximately 3a Now t h e  decision param- 

e t e r s  f o r  t h e  SWCC and SSRP can, 5e found by equating t h e  ARLoss f o r  t h e  

CSCC plans as l i s t e d  i n  t h e  last paragraph, i . e . ,  

ARLO( CSCC) = ARLO( SWCC) = ARLO( SSRP) 

and w e  know 

2 
A R L ~ ~ S W C C )  = l /a  , ARL~SSRP) = 3a 

... .&t f o l b w s  t h a t  f o r  t h e  SWCC 

a = 1/ARL 
0 

and f o r  t h e  SSRP 



The ARL ' s  f o r  t h e  SWCC were found by t h e  method described 1 

previously, when var ious s h i f t s  i n  the process l e v e l  occurred. 

ARLl f o r  the  SSRP scheme under various s h i f t s  i n  t h e  process leve l ,  a 

Monte Carlo simulation model w a s  b u i l t  on a B5500 d i g i t a l  computer a t  

Stanford University, 

w a s  used t o  generate pseudo-random uniform devia tes  from 

deviates  a re  t r a n s l a t e d  t o  normal deviates  by a r e l a t i o n  suggested by 

G o  E, P. Box and M. E, h l l e r  (Ann. Math, S t a t  

simulation operates on t h e  assumption t h a t  t he  process l e v e l  i s  changed 

by an amount, k; t h a t  is, input da ta  from N(k, 1) w i l l  be fed  i n t o  t h e  

simulation model t o  monitor t h e  ARLl's. 

ARLl 

can be considered as sa t i s f ac to ry ,  

To f ind  

A l i b r a r y  program using a mixed congruent i a l  method 

These U[O, 1). 

29, 610-611), The - I_ 

It w a s  found t h a t  each calculated 

had a coef f ic ien t  of va r i a t ion  l e s s  than 10%. Thus, t h e  r e s u l t s  

The ARL's f o r  d i f f e r e n t  plans ( i o e a  f o r  d i f f e r e n t  ARLo's) under the  

The p a r t i c u l a r  ARL curve SWCC, CSCC, and SSRP a r e  tabula ted  i n  Table 1. 

associated with each plan, expressed as a func t ion  of process change, 

is  p lo t t ed  (Figure 4 t o  15) .  
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20 I Figure 4. ARL plotted as a fu is t ion  of process 
change by k (standard leviat ion)  
mits for cases in which AXLO = 18. 
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Figure 5. AEL plot ted as a f'unction of' process 
change by k (standard deviation) 
uni t s  for  cases i n  which ARL c 30. 
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Rgure 6. plotted as  e function of process 
change by k (standard deviation) 
units for cases i n  which ARL L 50. 
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Figure 7. ARL plot ted as a function of process 

ARLO I 110. 
change by k (standard deviation) 
uni t s  f o r  cases i n  which 
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change by k (standard deviation) 
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'I  

\ \, 
\, \ 

\ 

1 1 I I I I L , 1 -1 

0.25 0.50 0.75 LOO 1.25 1.50 1.75 2.00 2.25 2.50 2.75 3.00 

K +  

26 



7 

ARL 

( log  scale) 

Figure 9. ARL plot ted as a function of process 
change by k (standard deviation) 
units for cases i n  which ARL I 150. 
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F'igure 10. AFU plot ted as a f inc t ion  of process 
change by k (standard deviation) 
units f o r  cases i n  vhich ARLO = 210. 



( log scale) 

1 

figure 11. ARL plot ted as a f'unction of process 
change by k (standard deviation) 
uni t s  for cases in which ARL = 720. 
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Flgure 12. ARL plot ted as a function of.process 
change by k (standard deviation) 
units fo r  cases i n  which ARL = 320. 0 
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Flgure 13. ARL plot ted as a function of process 
change by k (standard deviation) 
units f o r  cases i n  which ARLO = 1100. 
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Figure 14. ARL plot ted as a function of process 
change by k (standard deviation) 
uni t s  f o r  cases i n  which ARLO - 1150. 
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Figure 15. ARL plotted as a f'unction of process 
change by k (standard deviation) 
units for caeca i n  which ARLO = l5W. 
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7 .  Compariacn of the Tk-ee Process Cactz-92. Procedures 
ay_l_q__ 

For a process where t h e  measura5ie c h a r s c t e r i s t i c  has a normal 

d i s t r i b u t i o c  and a shift,  i r i  the  process l e v e l  is s-mL :e,g.  within a 

displacement o f  0,5 s5andard deviakion away f r c m  the  mear,) , t h e  Average 

Run Lengths rJf t h e  SSFiP schem? a r e  conclderabiy l e s s  t,nan those of t h e  

other  two schemes ( t h i s  can be seeri from tS:e f igures) .  

e f f i c i e n c i e s  of the  SSRP r e l a t i v e  t o  the SWC and the  TSCC increase as 

t h e  ARL ' s  i x r e a s e ,  131" exempi?, i:i a plen w i t h  A X  = i8, using t h e  

CSiC schem, it require5 a n  axerage of 16 samples i o  6 e t e c t  a deviat ion 

of 0 . 2 5 ~  from t h e  mean, FOP 

a plan with ART, = 1500, bowever, it takes the @SCC aim3st 700 samples 

t o  make such a detect ion as conpared with 6C for the  SSRP. This i s  t e n  

times as @;reaA, as for SSRP, 73r t h e  SXX, wizh AIL = 1503, i t  takes  

abo7.n twenty tfmes as many as a r e  Pequirea f o r  the SS3P. 

FJrthermore, t h e  

1 

0 CQ 

This compares with 6 for t h e  SSRP scheme, 

0 

0 

For moderate changes Df $he prccess leve l ,  l e t  us say i n  the  range 

of 0.5-2.Oa from the meen, The A R L * s  of the SSXP scheme a r e  general ly  

l e s s  than t h m e  of the  %C!C [ i f  t!ie change does rxt, exceed 1.25~). 

SWCC becomes more and more e f f i c i e n t  i n  d e t e c t k g  la rge  deviat ions.  

Contrast,ed with tne  CISX, the  e f f i c i e r c y  of" t h e  SSEP d e c e a s e s  as t h e  

deviation irqcreases axd becomes Less efficie:i t  wher, deviafvions exceed 

about l a .  The P-roseover points  cf these  schemes d i f f e r  from plan t o  

plan as t h e  A3L changes, ;kr ,eral ly  speaklw,  the  A R L l s  of t h e  CSCC 

scheme have a "Z" 6iiC;Iped CUIVP.  The SWt:C c'tlrqe i s  aimost l i z e a r  with a 

negative 45' S l c q X o  The  cume l2oks l i k e  an exponent,ial curve and 

rapidly becomes f i a t  and ?hc7sC, p a r a i l e l  t o  the X-axis for l a rge  devia- 

t i o n s .  

The 

0 

The flatrzess of +.he SSHP curye TefLectE is,s insens i t iv i t .y  ( r e l a t i v e  



t o  t h e  other  two schemes) i n  case of la rge  changes i n  t h e  process l e v e l .  

I n t u i t i v e l y ,  t h i s  implies t h a t  there i s  a fixed number of observations 

t h a t  a r e  required by t h e  nonparametric procedure t o  de tec t  a s h i f t  i n  t h e  

process l e v e l  no matter what i t a  magnitude may be ,  

Therefore, one can e a s i l y  visual ize  t h e  eff ic iency of t h e  CSCC 

r e l a t i v e  t o  t h e  other  t w 3  schemes. For a t y p i c a l  example, i n  a plan with 

ARLO = 1100, on t h e  average, 84 samples a r e  required f o r  the  SWCC and 

37 samples for t h e  SSRF i n  order t o  de tec t  a process change of 1,000 

away from i t s  t a r g e t .  However, th?  CSCC needs only l 3  samples t o  do t h e  

s m e  job. 

For a large deviation of process l e v e l  (e.@;, beyond 2~), the  ARL's 

of t h e  CSCC and of SWCC d i f f e r  s l igh t ly ,  althD7igh the CSCC i s  general ly  

a l i t t l e  b e t t e r .  We can see t h i s  i n  t h e  f igures .  Eowever, f o r  t h e  SSRP 

scheme, it w i l l ,  on t h e  average, take t e n  times as many samples as do t h e  

o ther  two. 

I n  t h e  region of small deviations,  t h e  steepness of t h e  ARL curve 

of the  SSRP scheme indicates  t h a t  t h e  average riumber cf samples required 

t o  s top t h e  process and make proper adjustment reduces d r a s t i c a l l y  as 

process change increases. Now, if small changes i n  t h e  process l e v e l  a r e  

considered acceptable andl thus  can be to le ra ted ,  then, t h e  cost  of using 

t h e  SSRP as a process control  scheme will be comparatively high, because 

unnecessary in te r rupt ions  may take place qui te  frequently.  

At t h e  very outse t ,  for the  sake of uniformity and s impl ic i ty  of 

comparison, we ass-med t h a t  the  sample s i z e  and sampling i n t e r v a l  for t h e  

t h r e e  procedures were t h e  same and they  were chosen with t h e  expectation 

of economical operation af process control .  Urlfxtunately, it, i s  r a t h e r  

35 
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d i f f i c u l t  t C  choeee such an "cptlmal" sample s i t e  ar,d sampling i n t e r v a l  

( i f  t he re  i s  any) because of the many cGmplicated f a c t o r s  involved 

( l e e e j  cos t  of inspection, cost  cf not de tec t ing  a;2 "untolerable" s h i f t  

i n  t h e  process l eve l ,  cost  of making unnecessary in t e r rup t ion  of t he  

process, t h e  behavicr of t n e  mnufac tur ing  przcess i t s e l f ) ,  

cussion of' this aspect, fo: t he  SWC? azd ;he c s ~ ,  see man [63. However, 

if  homogenity and rand9mness ef the  process cari be reasonably expected, 

then the pr inc ip les  suggested by ~ u i e a n  [i] aye heipfii l  i n  making a 

s a t i s f a c t o r y  design, 

( i , e  within-sample dispersion i s  f a i r l y  large) then  i t  i s  suggested 

t h a t  a small sample be taken fyequently from t h e  p r x e s s .  

kind of s i tua>iTn> it i s  wise tc use the  SSFP scheme, because aow 

( tha? is, Xi' i f  sample s l z e  i s  :ne] do r,ct necessar i ly  fol low 

the  normal distribLAtion sc f a r  as %he Central  Limit ,  'Tkorem i s  concerned, 

For a d is -  

On t h e  o ther  hand, if t h e  pri5cess is not homogeneous 

Under t h i s  

'i - 
Xi' or 

I n  s m a r y  then the SSPP i e  a good p-scedlue t? clse when s m a l l  

deviatioris i n  t h e  mea' a r e  ewFecTed, a;ld t h e  CSCC 1 5  3. g3od procedure 

when moderste and Large devititir.gns qr? a:it:cipa$ed, 

when expected devia5iJris a re  Large the very c i m l i e  SWCC i s  almost as good 

as CSCC, and car! be recsmmeyided, 

b:1 t he  o the r  hand, 

36 
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